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Abstract

Numerical analysis of heat transfer by convection, conduction and radiation in a saturated porous medium enclosed in a square cavity is
investigated using a thermal non-equilibrium model. The flow is assumed to follow Darcy law. The governing partial differential equations
are non-dimensionalised and solved numerically using finite element method. The left vertical surface of the square cavity is maintained at an
isothermal temperature Th and the right vertical surface at Tc such that Tc < Th. The top and bottom surfaces of the cavity are assumed to be
adiabatic. Results are presented in terms of Nusselt number for fluid, Nusselt number for solid and total Nusselt number, for various parameters
such as inter-phase heat transfer coefficient, modified conductivity ratio, radiation parameter and Rayleigh number.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Heat transfer through porous media has become an intensive
research topic for last few decades. The interest in heat trans-
fer through porous media can be attributed to its wide range
of applications such as thermal insulation of buildings, heat
exchangers, solar energy collectors, geophysical applications,
solidification of alloys, nuclear waste disposal drying processes
etc, which covers a vast range of engineering and science dis-
ciplines. The research literature suggests that a good amount
of work has been done to understand the heat transfer behavior
in the porous medium. Recent books by Nield and Bejan [1],
Vafai [2,3], Pop and Ingham [4] provide a good understand-
ing of the subject and also give the picture of research work
carried out in this field. Most of the research dealing with
heat transfer in porous media has been dealt by considering
that the fluid phase and solid phase of porous media are in
thermal equilibrium state. In many applications this assump-
tion of thermal equilibrium does not hold good as the fluid
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and solid matrix have different temperatures leading to ther-
mally non-equilibrium condition. The study of porous media
as a non-equilibrium system has not received as much atten-
tion as the equilibrium study has achieved. Baytas and Pop [5]
have studied the free convection in a porous cavity using non-
equilibrium model by employing the cell-centered finite volume
scheme. Saeid [6] has considered the non-equilibrium model
to analyse mixed convection in a vertical porous layer by us-
ing finite volume method. His study suggests that, for a mixed
convection region the total average Nusselt number is more
for lower Rayleigh number than that for higher Rayleigh num-
ber. Jiang and Ren [7] have investigated the forced convection
heat transfer in porous media using a thermal non-equilibrium
model. Rees et al. [8] have investigated the forced convection
past a heated cylinder in a porous medium by employing ther-
mal non-equilibrium model and found that the heat transfer
coefficient do not vary in tangential direction of cylinder when
the porous medium is in thermal equilibrium condition but, heat
transfer coefficients vary when system comes under thermal
non-equilibrium conditions. Wong et al. [9] have supplemented
the work of Rees et al. [8] for finite values of Peclet number.
An analysis of non-Darcian effects by using two-temperature
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Nomenclature

A area of element . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

cp specific heat of fluid . . . . . . . . . . . . . . . J kg−1 ◦C−1

g acceleration due to gravity . . . . . . . . . . . . . . . . m s−2

h convective heat transfer coefficient . . W m−2 ◦C−1

H inter-phase heat transfer coefficient
ks, kf solid and fluid thermal conductivity

respectively . . . . . . . . . . . . . . . . . . . . . . W m−1 ◦C−1

K permeability of porous medium. . . . . . . . . . . . . . m2

L height of cavity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
n refractive index
Ni shape function
Nu,Nu local Nusselt number and average Nusselt number

respectively
qr radiation flux . . . . . . . . . . . . . . . . . . . . . . . . . . W m−2

Rd radiation parameter
Ra modified Raleigh number
T , �T dimensional (◦C) and non-dimensional temperature
u, v velocity components in x and y direction

respectively . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m s−1

x, y Cartesian coordinates

x̄, ȳ non-dimensional co-ordinates

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . . . . m2 s−1

β coefficient of thermal expansion . . . . . . . . . 1 ◦C−1

γ modified conductivity ratio
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

ν coefficient of kinematic viscosity . . . . . . . . m2 s−1

σ Stephan Boltzmann constant . . . . . . . . W m−2K−4

βR Rosseland mean extinction coefficient . . . . . 1 m−1

ϕ porosity
ψ stream function
ψ̄ non-dimensional stream function

Subscripts

h hot
c cold
f fluid
s solid
t total
model in a porous media has been carried out by Marafie and
Vafai [10]. They found that the temperature difference between
fluid and solid phases decreases with increasing Biot number.
Cherif and Sifaoui [11,12] and Sghaier et al. [13] have studied
the radiation heat transfer in porous media enclosed in a cylin-
drical and spherical geometry. They have used Runge–Kutta
method and finite difference method respectively to solve the
governing equations and presented results for fluid as well as
solid matrix temperatures. Baytas [14] has considered thermal
non-equilibrium model to study the non-Darcy natural convec-
tion in a heat generating porous medium.

The present paper concentrates on the study of heat transfer
by convection, conduction and radiation in a saturated porous
medium confined in a square cavity using a two-temperature
thermal non-equilibrium model and thus predicts the temper-
ature of fluid and solid matrix. To the best of our knowledge,
the study of heat transfer by convection, conduction and ra-
diation through saturated porous medium confined in a square
cavity has not been reported so far. In this study, finite element
method has been used to solve the governing partial differential
equations. Results are presented in terms of Nusselt number,
streamlines and isotherms for various values of the inter-phase
heat transfer coefficient, modified conductivity ratio, radiation
parameter and Rayleigh number.

2. Analysis

Consider a square cavity filled with saturated porous me-
dium. The schematic of the problem under consideration and
coordinate system is shown in Fig. 1. The left vertical surface
of the cavity is maintained at temperature Th which is greater
than the right vertical surface temperature Tc. The top and bot-
Fig. 1. Schematic diagram of the square cavity.

tom horizontal surfaces of cavity are adiabatic. The following
assumptions are applied:

(a) The flow inside the porous medium is assumed to obey
Darcy law.

(b) The convective fluid and the porous medium are not in local
thermodynamic equilibrium thus allowing fluid and solid
matrix to have different temperatures.

(c) There is no phase change of the fluid in the medium.
(d) The properties of the fluid and those of the porous medium

are homogeneous and isotropic.
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(e) Fluid properties are constant except the variation of density
with temperature.

(f) The fluid is transparent to radiation.
(g) The medium behaves as an optically thick gray body and

the radiative heat flux in the y-direction is negligible in
comparison to that in the x-direction.

With above assumptions, the governing equations for fluid
flow are given as:

Continuity equation

∂u

∂x
+ ∂v

∂y
= 0 (1)

Momentum equation

∂u

∂y
− ∂v

∂x
= −gβK

ν

∂Tf

∂x
(2)

Energy equation for fluid

(ρcp)f

(
u

∂Tf

∂x
+ v

∂Tf

∂y

)

= ϕkf

(
∂2Tf

∂x2
+ ∂2Tf

∂y2

)
+ h(Ts − Tf ) (3)

Energy equation for solid

(1 − ϕ)ks

(
∂2Ts

∂x2
+ ∂2Ts

∂y2

)
= h(Ts − Tf ) + (1 − ϕ)

∂qr

∂x
(4)

Where u and v are Darcy’s velocities in the x and y direc-
tions respectively, the boundary conditions are:

at x = 0, u = 0, v = 0, Tf = Ts = Th (5a)

at x = L, u = 0, v = 0, Tf = Ts = Tc (5b)

at y = 0,L, u = 0, v = 0, ∂Tf /∂y = ∂Ts/∂y = 0 (5c)

Eq. (1) can be satisfied by introducing the stream function ψ

as:

u = ∂ψ

∂y
, v = −∂ψ

∂x
(6)

Following non-dimensional parameters are used to non-dimen-
sionalise the governing equations:

Non-dimensional width

x̄ = x

L

Non-dimensional height

ȳ = y

L

Non-dimensional stream function

ψ̄ = ψ

ϕαf

(7)

Non-dimensional temperature

�T = (T − To)
, where To = (Th + Tc)
(Th − Tc) 2
Radiation parameter

Rd = 4σn2T 3
c

βRks

Rayleigh number

Ra = gβ�T KL

ϕναf

Inter-phase heat transfer coefficient

H = hL2

ϕkf

Modified conductivity ratio

γ = ϕkf

(1 − ϕ)ks

Invoking the Rosseland approximation for radiation [15]
yields.

qr = −4n2σ

3βR

∂T 4

∂x
(8)

The non-linear term T 4 in Eq. (8) can be expanded in Tay-
lor series. Expanding T 4 about Tc and neglecting higher order
terms [16] results:

T 4 ≈ 4T T 3
c − 3T 4

c (9)

Substituting Eqs. (5)–(9) into Eqs. (2)–(4) yields:

∂2ψ̄

∂x̄2
+ ∂2ψ̄

∂ȳ2
= −Ra

∂�Tf

∂x̄
(10)

[
∂ψ̄

∂ȳ

∂�Tf

∂x̄
− ∂ψ̄

∂x̄

∂�Tf

∂ȳ

]

=
(

∂2�Tf

∂x̄2
+ ∂2�Tf

∂ȳ2

)
+ H(�Ts − �Tf ) (11)

∂2�Ts

∂x̄2
+ ∂2�Ts

∂ȳ2
= Hγ (�Ts − �Tf ) − 4Rd

3

∂2�Ts

∂x̄2
(12)

Corresponding boundary conditions are:

at x̄ = 0, ψ̄ = 0, �Tf = �Ts = 1

2
(13a)

at x̄ = 1, ψ̄ = 0, �Tf = �Ts = −1

2
(13b)

at ȳ = 0,1 ψ̄ = 0, ∂�Tf /∂ȳ = ∂�Ts/∂ȳ = 0 (13c)

The heat transfer rate at cold and hot surfaces of the cavity can
be predicted in terms of Nusselt number, which is given as:

For fluid

Nuf = −
(

∂�Tf

∂x̄

)
x̄=0,1

and Nuf =
1∫

0

Nuf dȳ (14)

For solid

Nus = −
((

1 + 4

3
Rd

)
∂�Ts

∂x̄

)
x̄=0,1

and

Nus =
1∫

Nus dȳ (15)
0
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The average total Nusselt number [6] is given by:

Nut = −1

1 + γ

1∫
0

{
γ

(
∂�Tf

∂x̄

)
x̄=0,1

+
(

1 + 4Rd

3

)(
∂�Ts

∂x̄

)
x̄=0,1

}
dȳ (16)

3. Numerical scheme

Eqs. (10)–(12) are coupled partial differential equations
in the non-dimensional form, subjected to boundary condi-
tions (13). In order to predict the heat transfer behavior in the
porous medium, Eqs. (10)–(12) are to be solved. These equa-
tions are solved by using finite element method. The Galerkin
method is applied to convert the partial differential equations
into matrix form of equations. A simple triangular element with
3 nodes is used to represent variations of the temperature and
stream function inside the element. �Tf , �Ts and ψ̄ vary inside
the element and can be expressed as:

�Tf = �Tf 1N1 + �Tf 2N2 + �Tf 2N3 (17a)

�Ts = �Ts1N1 + �Ts2N2 + �Ts2N3 (17b)

�ψ = ψ̄1N1 + ψ̄2N2 + ψ̄3N3 (17c)

where N1, N2 and N3 are the shape functions given as:

Ni = ai + bix + ciy

2A
, i = 1,2,3 (18)

In the above equation ai , bi , ci are matrix coefficients.
Details of FEM formulations can be obtained from [17,18].

First, Eqs. (10)–(12) are converted into matrix form of equa-
tions for an element. The coupled matrix equations for the el-
ements are assembled to get the global matrix for the whole
domain, which is solved iteratively, to obtain �Tf , �Ts and ψ̄

in the porous medium. In order to get accurate results, error
level of solution, for �Tf , �Ts and ψ̄ are set at 10−5, 10−5 and
10−7 respectively. The iterative process is terminated when the
above-mentioned error level, which is the difference between
previous iteration and the current iteration for a variable at all
nodes, is achieved. Element size in the domain varies since
smaller size elements are used near the wall and bigger size ele-
ments are placed away from the wall. Large number of elements
are located near the wall since large variations in �Tf , �Ts and ψ̄

are expected in these regions of the cavity. A sufficiently dense
mesh is chosen to make the solution mesh invariant. The varia-
tions in results were found to be insignificant when the number
of elements is increased from 2596 to 5000, but the time taken
to solve 5000 elements was considerably higher as compared to
that of 2596 elements. Thus the mesh with 2596 elements is se-
lected in the present study. The domain is meshed in such a way
that the elements are placed symmetrical about central horizon-
tal and vertical lines of the cavity. The computations are carried
out on a computer with Pentium 4 processor and 2.4 GHz speed.
Table 1
Total average Nusselt number, Nut comparison

Author Ra = 10 Ra = 100

Walker and Homsy [19] 3.097
Bejan [20] 4.2
Gross et al. [21] 3.141
Manole and Lage [22] 3.118
Beckerman et al. [23] 3.113
Moya et al. [24] 1.065 2.801
Baytas and Pop [25] 1.079 3.16
Misirlioglu et al. [26] 1.119 3.05
Present 1.0733 3.2001

4. Results and discussion

Numerical results are presented in terms of local and average
Nusselt number, which is a measure of heat transfer rate from
the surface. The Nusselt number for fluid Nuf , solid Nus , and
the total Nusselt number Nut are calculated at both hot and cold
walls of the cavity. In order to verify the accuracy of present
method, the numerical results obtained from present method for
the case of thermal equilibrium model are compared with the
results presented by various authors [19–26]. The comparison
is shown in Table 1. Results of Table 1 shows that the present
method compares well with the results of authors [19,21–23,25]
and thus provide confidence to predict heat transfer character-
istics of presently considered problem.

Fig. 2 shows the isotherms (fluid and solid) and streamlines
for various values of H at Ra = 100, Rd = 0.5 and γ = 1. It
is obvious from this figure that the non-equilibrium effect is
very strong at low values of heat transfer parameter, H . The
isotherms of fluid are not much affected due to change in the
value of H whereas the isotherms of solid deviate to larger ex-
tent when H is increased from 0.1 to 1000. The isotherms for
fluid move slightly away from vertical surface when H is in-
creased, indicating reduction in the heat transfer rate at wall.
However the isotherms for solid move closer to the vertical
surface when H is increased indicating higher thermal gradi-
ent and thus higher heat transfer rate from the wall. It may be
noted that the increased inter-phase heat transfer coefficient is
associated with increased heat transfer between solid and fluid
phases. The increased heat transfer between two phases brings
their temperature closure to each other thus the fluid and solid
isotherms look similar at higher values of H , which reveals that
the solid and fluid phases are in a state of thermal equilibrium.
The streamlines show that the flow pattern follows the geome-
try of cavity when H is increased.

Fig. 3 depicts the isotherms and streamlines for various val-
ues of γ at Ra = 100, Rd = 0.5 and H = 25. It is evident from
this figure that the isotherms of solid are affected to greater de-
gree as compared to the isotherms of fluid when γ is increased.
At large value of γ , the isotherms for both the phases become
similar. This happens due to fact that non-equilibrium forces are
very weak and thus equilibrium prevails at high values of γ . At
low values of γ , the isotherms of solid are almost parallel to the
vertical wall of cavity. This can be attributed to the reason that
low γ is associated with high thermal conductivity of solid for
a given porosity and fluid properties. High thermal conductivity
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Fig. 2. Isotherms for fluid (left), solid (center) and streamlines (right) at H = 0.1,1,10,100 and 1000 (increasing from top towards bottom).
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Fig. 3. Isotherms for fluid (left), solid (center) and streamlines (right) at γ = 0.1,1,10,50 and 100 (increasing from top towards bottom).
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Fig. 4. Isotherms for fluid (left), solid (center) and streamlines (right) at Rd = 0,0.5,1,2 and 4 (increasing from top towards bottom).
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Fig. 5. Nu along the height of cavity at hot surface.

of solid leads to low thermal resistance in solid phase and thus
heat is distributed evenly throughout the cavity. The isotherms
of solid starts crowding near the vertical wall when γ is in-
creased and thus increasing the heat transfer rate from the wall.

Fig. 4 provides information of the isotherms and streamline
when radiation parameter is varied. This figure corresponds to
the value Ra = 100, H = 25 and γ = 1. The isotherms of solid
tend to become parallel with the vertical surface of the cavity
when radiation parameter is increased. This happens because
of the reason that the radiation enhances the conductive heat
transfer in the solid. The streamlines follow the geometry of
cavity due to smooth upward and downward movement of fluid
near the left and right wall of cavity respectively.

Fig. 5 shows the fluid (Nuf ) and solid (Nus) local Nusselt
numbers at the hot wall of the cavity for Ra = 100, Rd = 1
and γ = 1. It can be seen that the local Nusselt number for
the fluid and solid phase decreases with an increase of cavity
height. Nuf is higher at the bottom part of cavity as compared
to Nus and vice versa at upper part of the cavity. Increase in the
inter-phase heat transfer coefficient H , leads to decrease in Nuf

at the bottom part of cavity but influence of Hdiminishes as the
height of cavity increases. Increase in H increases the Nus at
bottom portion of cavity but decrease at upper portion of the
cavity. At smaller values of H , the heat transfer between fluid
and solid phases is very small thus the heat content of fluid and
solid does not affect each other’s temperature field. Since the
wall is maintained at constant temperature, the heat transferred
from wall to solid phase remains constant throughout the height
of the cavity which in turn leads to constant Nusselt number of
solid throughout the height of the cavity at small (0.1) values
of H . It is observed that, due to symmetry the heat transfer rate
at cold wall is mirror image as that at the hot wall.

Fig. 6 depicts the Nusselt number for fluid and solid phases
at hot and cold walls at various values of modified thermal con-
ductivity ratio γ , for Ra = 100, Rd = 1 and H = 1. There is a
negligible effect on Nusselt number of the fluid phase when γ

is varied. It can be seen that the curves of Nuf for γ = 0.1, 10
and 50, almost overlap each other indicating negligible effect
Fig. 6. Nu along the height of cavity.

Fig. 7. Average Nusselt number vs H for different values of γ .

of γ . Thus for γ = 0.1, 10 and 50, there is only one curve of
Nuf is visible in the figure. Nus along the height of cavity de-
creases at hot wall. However Nus increases with the height of
cavity at cold wall. At γ = 0.1, there is not much difference be-
tween the values of Nusselt number at hot and cold wall. Thus
there is only one curve shown in figure for γ = 0.1.

Fig. 7 reflects the variations of average Nusselt number with
respect to inter-phase heat transfer coefficient H , for different
values of γ at Ra = 100 and Rd = 0.5. It may be noted that
the average Nusselt number at hot and cold wall is equal due
to symmetry. It is seen that the Nuf decreases with increase in
the value of H . The increased inter-phase heat transfer coeffi-
cient leads to faster heat transfer from solid phase to fluid phase
in the medium, thus increasing the temperature of fluid phase.
The increased fluid-phase temperature reduces the temperature
difference between fluid and the wall, which in turn retards the
heat transfer rate from wall to the fluid phase. Since the Nusselt
number describes the surface heat transfer phenomenon thus in-
creased H value reduces the Nusselt number of fluid-phase. The
decrease of Nuf is sharp for the value 10 < H < 100. The vari-
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Fig. 8. Average Nusselt number vs H for different values of Rd .

ation in Nuf with respect to H decreases with increased value
of modified thermal conductivity ratio, γ . At H = 1000, an in-
crease of 176% in Nuf is observed when γ is varied from 0.1
to 5 whereas Nuf increased by 1.55% when γ is changed from
5 to 50. Nusselt number for solid increases with increase in H .
Effect of γ on Nus is more pronounced at higher values of γ .
In general, Nus increases with increase in γ . The difference be-
tween Nusselt number of fluid and solid decreases initially with
increase in H , and then comes a point when Nusselt number for
both fluid and solid are equal, thereafter the difference increases
again. It may be noted that the Nus is a function of conductive
as well as radiative heat transfer. The point of zero difference
between Nuf and Nus occurs at lower values of H when γ is
increased. Total Nusselt number, Nut increases with increase
in γ .

Fig. 8 shows the average Nusselt number at different values
of radiation parameter, Rd . This figure is obtained for Ra = 100
and γ = 1. The Nusselt number of fluid decreases owing to in-
crease in the radiation parameter. The difference between Nuf

at various values of Rd is larger at higher value of H . The
Nusselt number of solid increases with an increase in radiation
parameter. This happens due to the reason that the radiation-
conduction effect increases with increased radiation parameter
thus increasing the Nus . Owing to increased Nus , the total Nus-
selt number also increases with increase in radiation parameter.
Nusselt number for solid increased by 9.9% when Rd is in-
creased from 0 to 0.1 whereas 69% increase in Nus is observed
when Rd is varied from 0.1 to 1.

Fig. 9 illustrates the variation of average Nusselt number
with respect to γ and Rd for Ra = 100 and H = 1. It can
be seen that the Nusselt number for fluid is not affected with
respect to change in Rd for chosen range of γ values. Nuf

remains almost constant when γ is varied from 0.1 to 100.
However, Nus increases with increase in γ . The decrease in
thermal conductivity of solid leads to increase in γ . Smaller the
thermal conductivity of solid, lesser is the heat diffusion into
the solid phase, which in turn forms a thinner thermal bound-
ary layer near the surface of cavity leading to enhanced Nusselt
number of solid. Nusselt number of solid increases gradually
Fig. 9. Average Nusselt number vs γ for different values of Rd .

Fig. 10. Average Nusselt number vs γ for different values of Ra.

for γ � 20 and thereafter a sharp increase is observed. This
increase becomes even sharper at higher values of radiation pa-
rameter. The Nus is more sensitive to changes in γ than that
of H . For instance, the variation of γ from 1 to 100 resulted in
95% increase of Nus where as 40% increase in Nus is observed
when H is varied from 1 to 100, by keeping other variables
constant. Total Nusselt number also increase with increase in
radiation parameter. The contribution of Nus is much higher
than that of Nuf in increasing Nut . The effect of radiation para-
meter on total Nusselt number diminishes at higher values of γ .
This can be attributed to the reason that the higher value of γ

corresponds to higher fluid thermal conductivity compared to
that of solid thermal conductivity. The fluid properties dominate
at higher value of γ thus major portion of the heat is trans-
ferred by fluid and the total Nusselt number is controlled by
fluid heat transfer rate. Fig. 10 depicts the effect of Rayleigh
number on Nusselt number. This figure is obtained by taking
H = 1 and Rd = 0.5. As shown in this figure the solid and fluid
Nusselt numbers increase with increase in Rayleigh number as
expected. It is observed that at low Rayleigh number (Ra = 10)
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the Nut decreases with the increase in γ . However at higher
Rayleigh number Nut increases with increase in γ .

5. Conclusion

Heat transfer from a square cavity with hot left wall and cold
right wall, is investigated using thermal non-equilibrium model.
The governing equations are non-dimensionalised and solved
using finite element method. Effect of various parameters on
Nusselt number such as the inter-phase heat transfer coefficient,
modified conductivity ratio, radiation parameter and Rayleigh
number are analysed. It is seen that the local Nusselt number
for fluid and solid decrease with increase of cavity height at hot
wall and vice-versa at cold wall. At hot wall, Nuf is higher at
the bottom part of cavity as compared to Nus and vice-versa at
upper part of the cavity. However at cold wall, the heat transfer
behavior is opposite to that at hot wall. Nuf decreases with in-
crease in H whereas Nus increases with increase in H . Higher
value of H leads to thermal equilibrium between fluid and solid
phases. Nut increases with increase in γ and Rd . Higher value
of γ also brings the fluid and solid into state of thermal equi-
librium. It is seen that the heat transfer rate from the cavity to
solid phase is more sensitive to γ than H . The Nusselt number
for solid increases with increase in radiation parameter whereas
the Nusselt number for fluid is not affected at lower values of
H , but decreases with increase in radiation parameter at higher
values of H . The effect of radiation parameter on total Nus-
selt number diminishes at higher values of γ . Nusselt number
for solid and fluid increases with increase in Rayleigh number.
Nut decreases with increase in γ at low Rayleigh number but
increases with increase in γ at higher Rayleigh number.
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